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ABSTRACT

Measuring Molecular Orientation and Rotational Mobility
Using a Tri-spot Point Spread Function
by
Oumeng Zhang
Master of Science in Electrical Engineering
Washington University in St. Louis, 2017
Research Advisor: Dr. Matthew D. Lew

Single molecules have become a powerful tool for biophysicists since they were first optically detected
28 years ago. Understanding molecular orientation can not only improve the accuracy of singlemolecule localization, but it can also provide insight into biochemical behaviors at the nanoscale. In
this thesis, I present a method to measure the molecular orientation and rotational mobility of singlemolecule emitters by designing and implementing a tri-spot point spread function. The point spread
function is designed so that it is capable of measuring all degrees of freedom related to molecular
orientation and rotational mobility. Its design is optimized by maximizing the theoretical limit of
measurement precision. Two methods, basis inversion and maximum likelihood, are used to estimate
the molecular orientation and rotational mobility. The basis inversion method was demonstrated
experimentally with fluorescent beads. The maximum likelihood estimator approaches the theoretical
limit of accuracy and precision in simulations, and is used to measure experimentally the orientation
of single fluorescent molecules embedded in a polymer matrix.
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Chapter 1
Background
Since the first optical detection of a single molecule 28 years ago [1], single-molecule imaging has
become a powerful tool for gaining insight into the biochemical activities in living cells [2]. Optical
imaging with resolution beyond the diffraction limit can be achieved by localizing single fluorescent
molecules attached to biological structures [3]–[6]. Measuring the orientation of single-molecule
emitters has become an interesting topic recently. Not only can it improve the localization accuracy
by estimating the localization bias due to orientation effects [7]–[9], orientation information is also
helpful for understanding biochemical activities such as DNA bending and tangling [10], or
transbilayer lipid motion within cell membranes [11]. Variants of methods measuring molecular
orientation and rotational mobility has been introduced to the field including modeling the emission
pattern of a single-molecule emitter [12]–[15] or tuning the excitation polarization [10], [16], [17].
However, they either require complicated optical instruments or do not have enough sensitivity to
measure both the 3D molecular orientation and rotational mobility of single molecules simultaneously.
This thesis describes my contributions to developing a method for measuring all degrees of freedom
related to molecular orientation and rotational mobility that can be easily implemented on fluorescent
microscopes.

1

This Chapter introduces background material related to this thesis. In Section 1.1, I will introduce the
basics of how a fluorescent molecule interacts with light. In Section 1.2, I will introduce molecular
orientation and how it affects light-molecule interactions.

1.1

State Transitions of Single Molecules

In fluorescence microscopy, we use light to excite fluorescent molecules when they are in an emissive
form as shown in Fig. 1-1. In this process, a photon from incident light is absorbed by the molecule.
The energy within the photon causes the molecule to undergo a transition from the ground state (S0)
to an excited state (S1). After vibrational relaxation within a few picoseconds, the molecule relaxes
back to the ground state, with a photon emitted simultaneously [18]. The typical excited state lifetime,
or the time the molecule spends in the S1 state before emitting a photon, is on the order of
nanoseconds. The emitted photon’s wavelength is red-shifted since energy is lost as the molecule
relaxes vibrationally. The emission occurs much faster compared to the exposure time of one camera
frame, so a conventional camera captures multiple fluorescence photons within one frame. The
transition from excited state to ground state can also occur via non-radiative pathways; this energy is
released through heat instead of light.
While a molecule is in the excited state, it is possible for the spin of the electron to be flipped, causing
the molecule to enter a triplet state (T1). The molecule can stay in the triplet state from milliseconds
to minutes, which is comparable with the exposure time. While in this state, the molecule does not
interact with the excitation light. Therefore, the molecule will appear to be “dark” on the camera.
2

Fig. 1-1 Simplified Jablonski diagram describes how a single molecule interacts with light. The transition where
the molecule absorbs photon is marked by a green arrow, and the transitions where the molecule emits a photon
are marked by red arrows. The dashed lines are energy transitions not related to emitting or absorbing photons
(i.e., nonradiative transitions). When the molecule is in its emissive form, it can absorb light and jump to a
higher energy state S1, and emit a lower energy fluorescence photon after vibrational relaxation (VR). The
molecule might go through inter-system crossing (ISC) and enter a triplet state T1. Its image on the camera
appears to “blink” due to this triplet state. From this triplet state, it can either return to the emissive form, or
photobleach, which is an irreversible chemical reaction that prevents the molecule from absorbing or emitting
any additional photons.

From triplet state, the molecule can return to emissive ground state through a radiative transition
termed phosphorescence or through non-radiative decay. The molecule could also be chemically
converted into a permanent dark form. Such an irreversible transition is called photobleaching.
Photobleached molecules are no longer able to absorb or emit photons.
3

1.2

Molecular Orientation

The orientation of a single molecule affects how it interacts with light. Here I provide a simple
introduction on how absorption and emission are affected by molecular orientation. A more detailed
treatment can be found in [19].
We denote the orientation of a molecule with a unit vector µ , which characterizes the transition
dipole moment of the molecule. The rate that the molecule transitions from ground state to the excited
state is related to the excitation electric field E [20]:

Gexcitation µ µ × E

2

(1-1)

In eq. 1-1, we assume the electric field is constant within the dimension of a single-molecule emitter
(a few nm). The excitation rate is proportional to cos 2 n , where n is the angle between the transition
dipole moment and the excitation electric field as shown in Fig. 1-2a.

Fig. 1-2 (a) The absorption rate of a fluorescent molecule has a cosine-squared dependence on the angle between
the excitation electric field and the dipole moment; (b) The emission intensity of a dipole at far field has a sinesquared dependence on the angle between the emission direction and the dipole moment.
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The emission pattern of a single-molecule emitter can be calculated by solving the electromagnetic
wave equation. In the far field (the distance to the emitter r is much larger than the wavelength), the
emission intensity is given by [19]:

U far _ field

r
µ 1- µ ×
r

2

(1-2)

According to eq. 1-2, the emission intensity is proportional to sin 2 h , where h is the angle between
the transition dipole moment and the emission direction.
Various methods have been developed to measure the orientation by either measuring Gexcitation or

U far _ field . One thing to notice is that the excitation transition dipole moment could be different from
the emission transition dipole moment [21]. The method I introduce in this thesis is based on
measuring the distribution of U far _ field , and is therefore optimized for measuring the emission dipole
moment. Therefore, the molecular orientation mentioned in this thesis refers to the emission dipole
moment if not specified otherwise. In Chapter 3, I will briefly introduce how absorption dipole
moment affects this method.

1.3

Scope of this Dissertation

The remainder of this thesis includes a new method using a tri-spot point spread function (PSF) to
estimate molecular orientation and rotational mobility of single-molecule emitters. In Chapter 2, I
introduce the design and optimization of the PSF. The tuning of the maximum likelihood estimator
5

is also introduced in this chapter. Chapter 3 includes a set of experiments with various non-biological
fluorescent samples to characterize the performance of this PSF.

6

Chapter 2
Designing a Tri-spot Point Spread Function
for Molecular Orientation and Rotational
Mobility Estimation
This chapter introduces a tri-spot point spread function for measuring molecular orientation and
rotational mobility.
This chapter is organized as follows: In Section 2.1, I will introduce optical Fourier processing [22]
and how the mask was designed based on a theoretical framework for optimizing its measurement
performance. Optimization of the mask is also discussed in this section. In Section 2.2, I present a
maximum likelihood estimator for evaluating the performance of this PSF using simulated data.

2.1

Point Spread Function Design

2.1.1

Intensity Distribution at Image Plane for Dipole Emitters

It is important to understand the relation between molecular orientation and the image captured by
the camera before designing a method to estimate molecular orientation and rotational mobility. We
model the emitter as an oscillating electric dipole with an orientation parameterized by a unit vector

µ given by
7

é µ x ù ésin q cos f ù
µ = êê µ y úú = êê sin q sin f úú
êë µ z úû êë cos q úû

(2-1)

where µ x , µ y , and µ z denote the projection of µ onto each Cartesian axis as shown in Fig. 2-1a.
We can also use the polar angle q and azimuthal angle f to represent this vector. Since µ describes
a dipole, the domain of definition is a hemisphere. We set µ x , µ y Î [-1,1] , µ z Î [0,1] , or

q Î [0, p / 2], f Î [0, 2p ].
The electric field distribution can be calculated by solving Maxwell’s equations. After the ray rotation
effect of the objective lens, the electric field distribution at the back focal plane (bfp) can be written
using the Green’s tensor Gbfp (F, r ) [19], [22] :

Gbfp (F, r ) =

exp(in1kf obj )
4p f obj

n1
n0 (1 - r 2 )1/2

ésin 2 (F) + cos 2 (F) 1 - r 2
ê
´ ê sin(2F)( 1 - r 2 - 1) / 2
ê
0
ê
ë

sin(2F)( 1 - r 2 - 1) / 2
cos 2 (F) + sin 2 (F) 1 - r 2
0

- r cos(F) ù
ú
- r sin(F) ú
ú
0
ú
û

(2-2)

In eq. 2-2, {F, r} are the polar coordinates of the back focal plane as shown in Fig. 2-1.

rmax = NA / n1 is determined by the numerical aperture of the objective lens. n0 and n1 denote the
reflective indices of the back focal plane (normally n0 » 1) and of the medium in which the emitter is
embedded.
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Notice that since the propagation direction is parallel to the optical (z) axis, there is no z component
in Gbfp . The back focal plane electric field is thus given by [19]:

Ebfp (F, r , d ) = A exp(in1kd 1 - r 2 )Gbfp (F, r ) µ

(2-3)

where d is the defocus distance of the sample from the focal plane of the imaging system.
In order to detect the polarization of the electric field, our imaging system separates the x- and ypolarized emission light into different channels. The back focal plane intensity distribution for x- and
y-polarized light can be calculated as:

Ebfp , x (F, r , d ) = A exp(in1kd 1 - r 2 )Gbfp , x (F, r ) µ
Ebfp , y (F, r , d ) = A exp(in1kd 1 - r )Gbfp , y (F, r ) µ
2

(2-4)

Gbfp , x and Gbfp , y refer to the first and second rows of Gbfp , so unlike E bfp , Ebfp , x ( y ) are scalars instead
of vectors. The x- and y-polarized back focal plane intensity distributions are given by
2

I bfp , x ( y ) = Ebfp , x ( y ) , and the total intensity when both channels are combined is given by
2

I bfp = Ebfp = I bfp , x + I bfp , y . The intensity distributions I bfp and I bfp , x for certain µ orientations are
shown in Fig. 2-2.
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Fig. 2-1 (a) Overview of the imaging system and coordinate system for the orientation of molecules in object
space. Note that since 𝒇𝒕𝒖𝒃𝒆 is much larger than the pupil radius, the paraxial approximation in Fourier optics
is applicable when analyzing the light propagation from the back focal plane to image plane; (b) Overview of
polarization sensitive 4f system [23] created by Dr. Matthew D. Lew. The beam splitter (PBS) separates light
into x- and y- polarized light. The first lens of the 4-f system creates an image of the pupil plane within the
objective lens on the spatial light modulator (SLM). The SLM adds a phase delay pattern to the electric field
distribution. The second lens of the 4-f system creates an image plane on the CMOS camera conjugate to the
intermediate image plane created by the microscope. The x- and y- polarized images are captured by different
regions of the CMOS camera so that both can be captured simultaneously.

10

Fig. 2-2 Back focal plane intensity distribution for different molecular orientations. The numerical aperture of
the objective lens is 1.4 and the refractive index is 1.52. (a) x- and y- polarized combined back focal plane intensity
distribution; (b) Back focal plane intensity distribution of only x-polarized light.
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The electric field at the back focal plane after adding certain masks y x (F, r ) and y y (F, r ) to both
polarization channels can be written as:

E 'bfp , x ( y ) = Ebfp , x ( y ) exp(iy x ( y ) (F, r ))

(2-5)

Note that y x (F, r ) and y y (F, r ) can represent either amplitude, phase, or complex modulation.
The electric field at the imaging plane is simply the Fourier transform of the electric field at the back
focal plane:

Eimg , x ( y ) (F' , r' , d ) = C F {E 'bfp , x ( y ) }

(2-6)

where F denotes the two-dimensional Fourier transform and C is a complex constant. We define:

Gimg , x ( y ) (F' , r' , d )
2p rmax

=Cò
0

ò

Gbfp , x ( y ) (F, r )e

iy x ( y ) ( F , r ) in1kd (1- r 2 )1/2

e

e

ikn0 rr 'cos( F' -F )
ftube

rd rdF

(2-7)

0

This function can only be calculated numerically. We can write the results in the form:

Gimg , x ( y ) = [ g x , x ( y ) (F' , r' , d ) g y , x ( y ) (F' , r' , d ) g z , x ( y ) (F' , r' , d )]

(2-8)

where gi , x ( y ) denotes the contribution of dipole component µi to the x(y)-polarized electric field.
The electric field distribution within the imaging plane can be simplified as:

Eimg , x ( y ) = AGimg , x ( y ) (F' , r' , d ) µ

(2-9)

The intensity distribution of electric field within the imaging plane can therefore be calculated as:
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*
I img , x ( y ) = Eimg , x ( y ) Eimg
,x( y)

2
é
ù
g x,x ( y )
ê
ú
2
ê
ú
g y,x( y)
ê
ú
ê
ú
2
g z,x( y)
= A2 ê
ú
ê
ú
*
ê 2Â( g x , x ( y ) g y , x ( y ) ) ú
ê 2Â( g *x , x ( y ) g z , x ( y ) ) ú
ê
ú
*
ëê 2Â( g y , x ( y ) g z , x ( y ) ) ûú

T

é µ x2 ù
é XX x ( y ) ù
ê 2 ú
ê YY ú
ê µy ú
ê x( y) ú
ê µ z2 ú
ê ZZ x ( y ) ú
ê
ú = I0 ê
ú
êµx µ y ú
ê XYx ( y ) ú
êµ µ ú
ê XZ ú
ê x zú
ê x( y) ú
µ
µ
êë y z úû
êë YZ x ( y ) úû

T

é µ x2 ù
ê 2 ú
ê µy ú
ê µ z2 ú
ê
ú
êµx µ y ú
êµ µ ú
ê x zú
êë µ y µ z úû

(2-10)

We consider Bx ( y ) = [ XX x ( y ) ,..., YZ x ( y ) ] as the basis images of the system. These basis images are
independent of the emitter and would only change if there are some changes in the imaging system.
If the emitter is rotating, the image becomes a temporal average of multiple orientations, and the
intensity at the imaging plane becomes:

I img , x ( y )

é µ x ,t (t ) 2 ù
ê
ú
2
ê µ y ,t (t )
ú
2
t ê
ú
µ
(
t
)
I
z ,t
ú dt
= 0 Bx ( y ) ò ê
t
0 ê µ x ,t (t ) µ y ,t (t ) ú
ê µ (t ) µ (t ) ú
z ,t
ê x ,t
ú
êë µ y ,t (t ) µ z ,t (t ) úû

(2-11)

where t is the exposure time of one camera frame. The subscript t is used to indicate that this
variable is a function of time t , which maintained for the rest of this thesis. We use × to denote the
temporal average of a function, and thus eq. 2-11 can be written as:

I img , x ( y ) = I 0 Bx ( y ) éë µ x2,t , µ y2,t , µ z2,t , µ x,t µ y ,t , µ x,t µ z ,t , µ y ,t µ z ,t ùû
= I 0 Bx ( y ) M
13

T

(2-12)

We use M as the second-moment matrix describing molecular orientation dynamics during a single
camera frame. For a given imaging system, the image is the linear combination of all 12 basis images
(2 polarizations and 6 basis images per polarization). The intensity of each basis is proportional to the
second moment of the molecular orientation; that is, the images created by the imaging system in
response to electric dipoles with second moments vector M . For example, an isotropic emitter has
second moments M = [1/ 3,1/ 3,1/ 3,0,0,0] , and a fixed emitter has second moments
T

T

M = éë µ x2 , µ y2 , µ z2 , µ x µ y , µ x µ z , µ y µ z ùû .

2.1.2

Tri-spot Point Spread Function and Phase Mask design

Existing methods such as the bisected PSF [13] and the quadrated PSF [14] use the relative intensity
of each spot within the PSF to estimate the molecular orientation as shown in Fig. 2-3. For singlemolecule emitters, the total photon budget is limited. Therefore, the shape of the PSF should be as
concentrated as possible. Separating emission light into more spots would lower the signal-tobackground ratio (SBR), which will affect the precision of the orientation measurement. On the other
hand, separating emission light into fewer spots could introduce degeneracy into the measurement
such that certain orientations become unresolvable from one another.
As we discussed in Section 2.1.1, the image of a fluorescent emitter is a function of the second
moments M of its dipole orientation distribution. Since µx2,t + µ y2,t + µz2,t = µx2,t + µ y2,t + µz2,t
= 1 due to the definition of µ in eq. 2-1, there are a total five degrees of freedom to describe

molecular orientation and rotational mobility of a single-molecule emitter. To estimate all 5
14

orientational degrees of freedom (plus one brightness degree of freedom) using the relative intensities
of a multi-spot PSF, we need the PSF to contain at least six spots total across both polarization
channels of the imaging system.

Fig. 2-3 Existing phase masks and the corresponding PSF for measuring molecular orientation. The top half of
the PSF image is from the x channel (x-polarized light) and the bottom half is from the y channel1. (a) Bisected
phase mask and bisected PSF [13]; (b) Quadrated phase mask and quadrated PSF [14].

For our imaging system, y x and y y are generated by one spatial light modulator (SLM). y y is the
same shape as y x but rotated by 90° as demonstrated in Fig. 2-1b. Therefore, we need three spots

1

This format for PSF images, with the x-polarized imaging channel at the top and the y-polarized imaging

channel at the bottom, is maintained for all other figures in this thesis unless specified.

15

within each channel in order to get enough information and achieve good SBR at the same time.
Consequently, we designed a mask that divides the back focal plane into three partitions. Each
partition has different linear phase ramp, which bends light within that partition like a prism. After
the Fourier transform operation of the final lens in the 4-f system, the light from each partition is
focused and translated onto separate regions of the camera. Therefore, the PSF within each channel
of the imaging plane contains three spots, which is why this new PSF is called the tri-spot PSF. The
optimization of the shape, size and phase ramp direction of each partition will be discussed in the
following section.

2.1.3

Procedure for Mask Design

To achieve highly precise estimates of molecular orientation, we calculate the Fisher information (FI)
[24] content of masks whose partitions vary in shape and size. We use the Cramér-Rao lower bound
(CRLB), which is the inverse of the Fisher information matrix, to evaluate the performance of each
partition method, because it gives us the theoretical lower bound of the variance of any unbiased
estimator.
For simplicity, we only evaluate the CRLB of fixed dipole orientation distributions and use these to
optimize the mask design, i.e., µx2,t = µx2 ,..., µ y ,t µz ,t = µ y µz . The rotational mobility estimation
capabilities of the mask will be evaluated in Chapter 3.
Since we are using the integrated intensity of six spots from both channels for estimation, we write
the intensity as I ( µ x , µ y ) = [ I1 ,..., I 6 ] . The Fisher information matrix is calculated as [25]:
16

¶I
¶I
¶I ù
é
( i )2
( i )( i ) ú
ê
6
¶µ x ¶µ y
1 ê ¶µ x
ú
FI = å (
)
ê
ú
¶
I
¶
I
¶
I
I
+
b
i =1
i
i
i
)( i )
( i )2 ú
ê(
¶µ y
êë ¶µ x ¶µ y
úû

(2-13)

where b1 ,..., b6 in eq. 2-13 denote the total background photons within each spot. The CRLB is simply
the inverse of the FI matrix:

éCRLBµ x
CRLB = FI -1 = ê
êë ~

ù
ú
CRLBµ y úû
~

(2-14)

Since the distributions of CRLBµ x and CRLBµ y are symmetric due to the circular symmetry of the
optical system, CRLBµ x is enough for evaluating the precision of the PSF. Several different phase
mask designs, the corresponding PSFs when the molecular orientation is µ x = µ y = 2 , and the
corresponding CRLBµ x with 20,000 photons to 20 photon/pixel SBR are shown in Fig. 2-4.
The first design in Fig. 2-4a is based on the back focal plane intensity distribution before polarization
separation as shown in Fig. 2-2a. The back focal plane intensity distribution has a donut shape. The
hole of the donut shifts outward as q increases and rotates as f changes ( q and f can be converted
to µ x and µ y using eq. 2-1). Therefore, we expect that by separating the light within the inner circle
from light in the outer ring of the back focal plane, we can obtain more precise measurements of q .
The CRLBµ x results in Fig. 2-4a show that this partition can achieve high precision for µ x estimation.
The CRLB is lower than 4.6×10-4, which implies the standard deviation of the estimator could be as
low as 0.02 for all molecular orientations under this SBR.
17

Fig. 2-4 Different partition shapes of the trisected phase mask and the corresponding PSFs and theoretical lower
bounds of estimation precision. Figures in the right column show the 2D map of the 𝑪𝑹𝑳𝑩𝝁𝒙 distribution vs.
the x-y projection of 𝝁 (a hemisphere). (a) Donut pattern phase mask partition; (b)(c)(d) Different shapes of
vertical-stripe shape phase mask partition.

18

However, since the back focal plane intensity distribution after separating polarizations becomes
vertical stripes in the x channel (and horizontal stripes in the y channel, see Fig. 2-2), the ring-shape
partition is not optimal for sensing changes in molecular orientation using a polarization-sensitive
imaging system. We tested different vertical stripe patterns as shown in Fig. 2-2b~d, and the shape in
2-2c has the smallest CRLB, which means this mask provides the best precision among these masks
with vertical partitions.

Fig. 2-5 Different phase ramp orientations and the corresponding PSFs in x channel for a fixed dipole emitter
𝝁 = [𝟎. 𝟔𝟑, 𝟎, 𝟎. 𝟕𝟖] (a) Spots within the PSF aligned in a line; (b) Spots within the PSF aligned in a triangle.

After deciding the partition pattern, we need to consider the phase ramp within each partition. The
direction of the phase ramp affects the location of each spot on the imaging plane, and the slope
affects how far each spot is pushed away from the center of the PSF. As shown in Fig. 2-5, for certain
molecular orientations, arranging three spots of the PSF in a line would cause possible localization
confusion when only two adjacent spots are bright enough to be detected. Arranging three spots in a
triangular shape solves this problem.
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However, the mask from Fig. 2-5b produces a PSF that has the same intensity distribution for certain
molecular orientations, for example, when µ z = 0 . The PSF corresponding to molecular orientations

[ µ x , ± µ y ] (or [± µ x , µ y ] ) are very similar to each other as shown in Fig. 2-6a.

Fig. 2-6 Tri-spot mask and PSF before and after enhancing 𝝁𝒙 𝝁𝒚 sensitivity. (a) Before enhancing 𝝁𝒙 𝝁𝒚
sensitivity, the images of an emitter with molecular orientations [𝝁𝒙 , ±𝝁𝒚 ] appear very similar in the image
plane; (b) After enhancing 𝝁𝒙 𝝁𝒚 sensitivity, these two cases are distinguishable.

To understand this phenomenon, we need to analyze the back focal plane intensity distribution.
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According to eq. 2-4, we can calculate the intensity distribution at back focal plane for an in-focus
single-molecule emitter as:

I bfp , x ( y )

é BFPXX , x ( y ) ù
ê BFP
ú
YY , x ( y ) ú
ê
ê BFPZZ , x ( y ) ú
= A2 ê
úM
ê BFPXY , x ( y ) ú
ê BFP
ú
XZ , x ( y )
ê
ú
êë BFPYZ , x ( y ) úû

(2-15)

The back focal plane intensity distribution is a linear combination of 6 basis back focal plane images,
as shown in Fig. 2-7a. If we use the phase mask shown in Fig. 2-5b, the BFPXY basis would have zero
total intensity within each partition due to the symmetric distribution. Therefore, the image basis XY
would contribute zero total photons to each spot region in the image as well. In other words, this
mask has no sensitivity to measure the µ x µ y term, so the orientation pair [ µ x , ± µ y ] (or [± µ x , µ y ] ) is
not distinguishable using the relative intensity of each spot.
Since the energy is concentrated at the corners of BFPXY basis, we combine the shapes in Fig. 2-8b
and 2-8a, which is the original vertical partition shape, to add µ x µ y sensitivity to the current mask.
We add the black region of Fig. 2-8b to the black region of Fig. 2-8a, and the white region of Fig. 28b to the white region of Fig. 2-8a to get a final partition configuration shown in Fig. 2-8c. Now that
the PSF is sensitive to the µ x µ y term, the orientation pair [ µ x , ± µ y ] (or [± µ x , µ y ] ) is now
distinguishable as shown in Fig. 2-6b. The basis images of the mask shown in Fig. 2-6b are shown in
Fig. 2-7b.
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Fig. 2-7 Basis images of back focal plane and image plane. (a) Back focal plane basis images; (b) Image plane
basis images after adding the optimized tri-spot phase mask in Fig. 2-6b at the back focal plane.

Fig. 2-8 Enhancing 𝝁𝒙 𝝁𝒚 sensitivity of the tri-spot mask. (a) Vertical stripe partitions. Light within the black
region is pushed downward, while light within the white region is diverted to the sides; (b) A partition that
pushes light within 4 corners of the back focal plane downward (black) or to the side (white); (c) a mask that
combines the white and black regions within (a) and (b).
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2.2

Molecular Orientation Estimation
Using Basis Inversion

We write the total photons within each spot as a vector I spot = [ I x1 , I x 2 , I x3 , I y1 , I y 2 , I y 3 ]T . Spots x1 ,
…, y3 are defined as shown in Fig. 2-7b.
We can denote the total photons within each spot of the six basis images as vectors; for example, the
XX basis has a spot vector XX spot = [ XX x1 ,..., XX y 3 ]T , etc. Now we can write eq. 2-11 as:

I spot

é XX x1
ê XX
x2
ê
ê XX x 3
= I0 ê
ê XX y1
ê XX y 2
ê
ëê XX y 3

YYx1

ZZ x1

XYx1

XZ x1

YYx 2
YYx 3

ZZ x 2
ZZ x 3

XYx 2
XYx 3

XZ x 2
XZ x 3

YYy1

ZZ y1

XYy1

XZ y1

YYy 2

ZZ y 2

XYy 2

XZ y 2

YYy 3

ZZ y 3

XYy 3

XZ y 3

YZ x1 ù
YZ x 2 úú
YZ x 3 ú
ú M = I 0 Bspot M
YZ y1 ú
YZ y 2 ú
ú
YZ y 3 ûú

(2-16)

Bspot is a six-by-six matrix characterizing the response of the imaging system (i.e., its PSF). For our
optimized mask,

Bspot

é 0.21
ê0.24
ê
ê0.52
=ê
ê0.01
ê0.01
ê
ë0.01

0.01 0.11 -0.04
0.01 0.12
0.01 0.10
0.21 0.11
0.24 0.12
0.52 0.10

-0.02 ù
-0.03 -0.24 0.03 úú
0.06 0.00 0.00 ú
ú ( AU )
0.04 -0.02 -0.24 ú
0.03 0.03 0.24 ú
ú
-0.06 0.00 0.00 û
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0.24

(2-17)

The columns of Bspot are normalized by the total intensity of the brightest basis images, XX x and

YYy . Each column of Bspot is linearly independent, which indicates a one-to-one correspondence of
the image intensity distribution I spot with the second moments of molecular orientation M .
The procedure to count the photons within each spot of an experimental image or the basis images is
as follows: We upsample the raw image by 10 times using Matlab function “kron”. An example of 2
times upsampling is given in eq. 2-18,

1
1 2 1
Þ
3 4 3
3

1
1
3
3

2
2
4
4

2
2
4
4

(2-18)

The partitioning regions used to assign photons to each element of I spot = [ I x1 , I x 2 , I x3 , I y1 , I y 2 , I y 3 ]T
is shown in Fig. 2-9. Note that there is a 0th order bright spot in the center of the tri-spot PSF in
experimental images (see Section 3.1.2) that is not part of its design. This “leakage” of the standard
PSF into the experimental image is most likely due to imperfect phase modulation by the SLM in our
imaging system. Therefore, we set the phase ramps within the tri-spot PSF mask to push the spots far
away from the center (see Fig. 2-6b) for experimental images. This spacing allows our image analysis
algorithm to separate the 0th order spot (by using a 10-pixel radius circle) from the rest of the tri-spot
PSF. We calculate the average photons per pixel within region A as the background for a given
channel, denoted as bx ( y ),1,...,3 . After subtracting the background photon level from each pixel (which
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is not required for simulated images without background), the total photons within regions B, C, and
D are assigned as the signal for a given channel, denoted as sx ( y ),1,...,3 .

Fig. 2-9 Image partitioning for signal and background photon counting (unit: pixel before upsampling). (a)
Partitioning for simulated images; (b) Partitioning for experimental images.

Since eq. 2-16 already provides the relation between the image intensity distribution and the second
moments of molecular orientation, we can simply invert the basis matrix and calculate the second
-1
moments of molecular orientation as M = Bspot
sspot / I 0 , where sspot = [sx1 ,..., s y 3 ]T and I 0 is a scaling

factor as defined in eq. 2-10.

2.3

Molecular Orientation Estimation Using a
Maximum Likelihood Estimator

To test the performance of the tri-spot PSF, we built an estimator and tested it with simulated images.
A general linear estimator is based on basis matrix inversion, as described in the previous section.
However, this method is affected by photon shot noise, and the precision will therefore suffer.
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Consequently, we built an estimator based on a simplified forward model with fewer parameters that
describe molecular orientation and rotational mobility.

2.3.1

Model for Quickly Rotating Single-Molecule Emitters

Consider a mobile dipole µt = [µx,t , µ y ,t , µz ,t ]T = [sin qt (t )cos ft (t ),sin qt (t )sin ft (t ),cosqt (t )]T
that rotates around a certain mean orientation µ = [µx , µ y , µz ]T = [sin q cos f ,sin q sin f ,cos q ]T over
time t . We assume that the rotation is much faster than the acquisition time t of one camera frame,
which implies ergodicity. There exists an orientation distribution probability density function

Pqt ,ft (qt , ft ) so that the temporal average of µt is equal to the spatial orientation average over this
distribution. We assume that the distribution is symmetric around the mean orientation µ . The
second moment of the molecular orientation can be calculated as:

µi ,t µ j ,t =

2p p /2

ò ò µ t (qt ,ft )µ
i,

0

j ,t

(qt , ft ) Pqt ,ft (qt , ft ) sin qt dqt dft

(2-19)

0

where i, j = x, y, z in eq. 2-19.
To evaluate this integration, we need to rotate the mean orientation as shown in Fig. 2-10. First, rotate
about z axis by an angle -f , then rotate about y axis by an angle -q . After the rotation, the mean
orientation lies along the z axis. The relation between the dipole orientation before the rotation µ 't
and after the rotation µt is:
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écos f - sin f 0 ù é cos q 0 sin q ù
µt = Rµ't = êê sin f cos f 0úú êê 0
1
0 úú µ't
êë 0
0
1 úû êë - sin q 0 cos q úû
écos q cos f - sin f sin q cos f ù
= êê cos q sin f cos f sin q sin f úú µ't
êë - sin q
0
cos q úû

(2-20)

Fig. 2-10 Axis rotation to calculate second moments of molecular orientation for the symmetric distribution
model.

Therefore, we can write a matrix that include all second moments as:

M reshape = µt µt

T

é µ x2,t
ê
= ê µ x ,t µ y ,t
ê
ê µ x ,t µ z ,t
ë

µ x ,t µ y ,t
µ

2
y ,t

µ y ,t µ z ,t

27

µ x ,t µ z ,t ù
µ y ,t µ z ,t
µ z2,t

ú
ú = R µ't µ'tT RT
ú
ú
û

(2-21)

Since the mean orientation is rotated to µ' , which is along z axis, and we already made an assumption
that the distribution of µ't is symmetric around µ' , result of the integration of eq. 2-19 in the rotated
frame can be written as:

µ' x ,t µ' y ,t = µ' x ,t µ' z ,t = µ' y ,t µ' z ,t = 0
µ' x2,t = µ' y2,t = l

(2-22)

Thus, we can calculate the second moments of the molecular orientation for this symmetric
distribution model as:

M reshape

0 ù
él 0
= R êê 0 l
0 úú RT
êë 0 0 1 - 2l úû

(2-23)

By calculating the matrix multiplication, we have:

µ x2,t = gµ x2 + (1 - g ) / 3

µ x ,t µ y ,t = gµ x µ y

µ y2,t = gµ y2 + (1 - g ) / 3

µ x ,t µ z ,t = gµ x µ z

µ z2,t = gµ z2 + (1 - g ) / 3

µ y ,t µ z ,t = gµ y µ z

(2-24)

where g = 1 - 3l in eq. 2-24 denotes the rotational mobility of the molecule. A molecule’s rotational
mobility varies from 0 to 1. A completely fixed molecule will have g = 1, and an isotropic emitter
(freely rotating) will have g = 0 . Now that both the molecular orientation and rotational mobility are
described by three parameters, µ x , µ y and g , we can test a maximum likelihood estimator based on
this model.
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2.3.2

Design of a Maximum Likelihood Estimator

We generate simulation images and add photon shot noise in Matlab as shown in Fig. 2-11b. The total
number of signal photons and total number of background photons within each spot region are
denoted as sspot = [sx1 ,..., s y 3 ]T and bspot = [bx1 ,..., by 3 ]T . Since the second moments matrix of
molecular orientation M can be parameterized by µ x , µ y and g , the image intensity distribution can
be written as I spot ( I 0 , µ x , µ y , g ) = I 0 Bspot M ( µ x , µ y , g ) . Since photon detection is a Poisson process,
we can write the likelihood function as:

l (I0 , µx , µ y , g ) =

3

ÕÕ

( I ji + b ji )

( s ji + b ji )

e

- ( I ji + b ji )

( s ji + b ji )!

j = x , y i =1

(2-25)

The log likelihood function is therefore given by

L( I 0 , µ x , µ y , g ) µ

3

å å (s

j = x , y i =1

ji

+ b ji ) ln( I ji + b ji ) - ( I ji + b ji )

(2-26)

After using MATLAB function fmincon to maximize L( I 0 , µ x , µ y , g ) , we obtain the estimation result

µ x , µ y and g . One example is shown in Fig. 2-11. Fig. 2-11a shows the ground truth images of a
molecule at a particular orientation, and Fig. 2-11c is generated using the estimated orientation
parameters from the noise perturbed image in Fig. 2-11b. The simulated noisy image agrees well with
the image generated from the estimated orientation parameters.
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Fig. 2-11 Estimation using our maximum likelihood estimator. (a) Ground truth image without noise; (b) A
simulated image with Poisson noise, signal = 20,000 photons, background = 20 photon/pixel; (c) Recovered
image using after maximum likelihood estimation.

2.3.3

Evaluating Estimator Performance Using Simulated Images

To evaluate the estimator performance, we simulated images of the tri-spot PSF with 20,000 signal
photons and 20 background photons/pixel. We choose the mean orientation domain µ x ´ µ y =

[-1: 0.1:1] ´ [-1: 0.1:1] and µ x2 + µ y2 < 1 (Since CRLB is not defined at µx = 1 or µ y = 1 ) and

g = {0 : 0.25 :1} . We generate 100 images for each ( µ x , µ y , g ) combination. Other simulation
parameters are chosen to match our experiment setup, which will be introduced in Section 3.1.
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2.3.3.1

Analysis of Mean Orientation Estimation

We define the standard deviation of 100 estimations as estimation precision std µ x = std ( µ x ,est ) , and
the difference between the mean of 100 estimations and the ground truth as estimation accuracy

biasµ x = mean( µ x ,est ) - µ x ,true . We calculated the precision of the estimator for all mean orientations
and plot this distribution in Fig. 2-12. The pattern of the standard deviation 2D map in Fig. 2-12a is
very similar to the

CRLBµx pattern in Fig. 2-12b. The value of the standard deviation for most

orientations is within 1.5 CRLBµx , thereby demonstrating that our estimator has nearly ideal
performance relative to the theoretical limit. The average stdµx / CRLBµx , which measures how
much worse our estimator’s precision is compared to the theoretical limit, among all orientations is
1.15 for g = {0.25, 0.5, 0.75}, and 1.08 for g = 1. The stdµx / CRLBµx distribution pattern is more
uniform for g = {0.5, 0.75} (standard deviation less than 0.1), while there are certain orientations with
significantly worse than average performance for g = {0.25,1} .
The accuracy evaluation results are shown in Fig. 2-13. The absolute value of the bias (average of 100
estimations minus ground truth) is fairly small as shown in Fig. 2-13a. However, since we did 100
measurements for each orientation, the standard error of the estimation result should be:

std (biasµx ) =

1
CRLBµx
100
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(2-27)

Therefore, if the estimator is accurate, the measured quantity biasµx / CRLBµx should be mostly
confined to values within ±3std (biasµx ) / CRLBµx = 0.3 . There are a subset of orientations that
have bias larger than expected for g = {0.25,1} as shown in Fig. 2-13b. Even if we calculate

biasµx / std µ x as shown in Fig. 2-12c, there is still a bias pattern in the 2D map. Since this bias is
invariant over multiple measurements at a fixed SBR, we can correct the bias of our estimator by using
Fig. 2-13 as a tuning map.
The above results show that this maximum likelihood estimator estimates the mean orientation more
accurately and precisely when g is neither too large nor too small before tuning. After the tuning and
bias correction, the estimator becomes unbiased.

32

Fig. 2-12 Precision of the maximum likelihood estimator using simulated images. (a) 2D map of the standard
deviation of 100 𝝁𝒙 estimates; (b) 2D map of the theoretical lower bound of precision for estimating 𝝁𝒙 ; and (c)
2D map of estimation precision compared to the theoretical limit.
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Fig. 2-13 Accuracy of the maximum likelihood estimator. (a) Average estimation bias across 100 estimations; (b)
Estimation bias compared to the square root of CRLB; (c) Estimation bias compared to the standard deviation
among 100 estimations.
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2.3.3.2 Analysis and Tuning of Rotational Mobility Estimation
The histogram of estimated g est for several ground truth values g true is shown in Fig. 2-14. The
distribution of g est is biased at g true = 0 . Since the range of estimated g est for our algorithm is
bounded so that g est Î [0,1] , the distribution of estimates is not Gaussian. Therefore, we define the
difference between the ground truth and the median over a set of measurements as the bias of the
estimator, instead of using the mean.

Fig. 2-14 Estimates of rotational mobility 𝜸 are biased for smaller values of 𝜸𝒕𝒓𝒖𝒆 . The maximum values of 𝜸𝒆𝒔𝒕
are truncated since we set a bound of 𝜸𝒆𝒔𝒕 ∈ [𝟎, 𝟏] within the estimation algorithm. There is a peak at 𝜸𝒆𝒔𝒕 = 𝟏
for 𝜸𝒕𝒓𝒖𝒆 = 𝟏.
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To characterize the relation between biasg = mean(g est ) - g true and the signal-to-background ratio, we
simulated images of emitters at various SBRs as shown in Fig. 2-15. The exponential curve

biasg = C1 exp(C2g true ) represents a good fit to the data for various SBRs.

Fig. 2-15 Bias in estimated rotational mobility 𝒃𝒊𝒂𝒔𝜸 vs. the true rotational mobility 𝜸𝒕𝒓𝒖𝒆 under different signalto background ratios, fitted with exponential curves.
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We define the SBR as SBR = signal / background . The tuning parameters C1 and C2 vary linearly
with SBR, as shown in Fig. 2-16. Therefore, the two equations can be used as tuning parameters for
estimating g . These parameters are consistent with the results from our data in Fig. 2-17 (20,000
signal photon vs. 20 background photon/pixel).

Fig. 2-16 Parameters of the exponential fit for tuning the 𝜸 estimator as a function of SBR. These parameters
vary linearly with SBR.
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Fig. 2-17 The median of

g

estimations from Fig. 2-13 (20000 signal photon vs. 20 background photon/pixel)

is consistent with a tuning curve extrapolated from different SBRs.

2.4

Summary

In this chapter, we introduced a tri-spot point spread function that can measure molecular orientation
and rotational mobility. The PSF is optimized based on the theoretical limit of estimation precision.
We also guarantee there is a one-to-one correspondence between molecular orientation and the
intensity distribution of the engineered PSF as given by eq. 2-16, which implies we can directly
-1
calculate the molecular orientation as M = Bspot
sspot / I 0 . This method will be tested with fluorescent

beads in Section 3.1.
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We also built a maximum likelihood estimator and tested the tri-spot PSF with noisy simulated images.
The results show that this PSF is capable of achieving precision and accuracy very close to the
theoretical limit. We use the simulation results to tune the estimator for cases where there is reduced
estimation accuracy, and will test the estimator with single-molecule emitters in Section 3.2.
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Chapter 3
Measuring the Orientation of Fluorescent
Emitters using the Tri-spot Point Spread
Function
In the last chapter, we characterized the orientation-measurement performance of the tri-spot PSF
using simulated images. This chapter will focus on evaluating the PSF experimentally using abiological
fluorescent samples.
This chapter is organized as follows: In Section 3.1, I experimentally image fluorescent beads using
the tri-spot PSF and characterize estimation performance using the basis inversion method. In Section
3.2, I collect experimental images of single-molecule emitters and measure the accuracy and precision
of a maximum likelihood estimator.

3.1

Point Spread Function Evaluation using
Fluorescent Beads

To evaluate the performance of the tri-spot PSF on structures that simulate isotropic emitters, we
designed an experiment using fluorescent beads. We embed fluorescent beads (ThermoFisher
Scientific FF8803, 505 nm excitation, 515 nm emission, 100-nm diameter) in 1% PVA (polyvinyl
40

alcohol, Alfa Aesar 41240) with refractive index 1.50 [26] and spin-coat them onto a glass coverslip
(No. 1.5, high-tolerance). For imaging, they are excited by a 514-nm wavelength laser (0.86 kW/cm2
peak excitation intensity at the sample plane). The numerical aperture of the objective lens is 1.4, the
effective pixel size of the camera in object space is 58.5 nm, and the exposure time is 50 ms in this
experiment.

3.1.1

Impact of Absorption Dipole Moments on the Apparent
Rotational Mobility of Fluorescent Emitters

In Section 2.3.1, I provide an image-formation model for distributions of dipole emitters without
considering how the orientation of absorption dipoles can affect their emission. Effects related to the
orientation of a molecule’s absorption dipole moment are negligible when the molecule rotates much
faster than the time between absorption and emission, called the excited state lifetime. Thus, there is
little correlation between the absorption and emission dipole moments. However, the beads in our
experiment consist of many fixed fluorescent molecules. Therefore, we assume here that the beads
can be modeled as an ensemble of fixed dipoles whose the absorption and emission moments are
parallel to one another. The validity of this assumption can be carried out by measuring the
orientations of both absorption and emission dipole moments [21]. The excitation laser in our
experiments is circularly-polarized in the x-y plane; therefore, the excitation light is anisotropic, and a
non-uniform distribution of emitters will be excited by the laser.
In this section, we present a simple analysis to quantify how much the absorption dipole moment
distribution under anisotropic excitation can affect the images produced by slowly rotating molecules
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and, therefore, the fluorescent beads in our experiments. For simplicity, we assume that the emission
dipole moment is uniformly distributed within a cone with half cone angle

a

when the absorption
a 2p

dipole moment is not considered. The probability density function is P ( µ ) = 1/ ò ò sin q't dq't df't .
0 0

According to eq. 2-19 and eq. 2-21, we have:
a 2p

a 2p

l = ò ò µ' P sin q't dq't df't =
2
x ,t

ò ò (sin q't cos f't )
0 0

2

sin q't dq't df't

a 2p

=

ò ò sin q't dq't df't

0 0

(1 - cos a)(2 + cos a)
(3-1)
6

0 0

where µ' x ,t = sin q't cos f't denotes the projection of orientation vector µ on the rotated axis x' , and

l = µ'x2,t denotes the temporal average of the second moment in the rotated coordinates. The
rotational mobility is given by:

g = 1 - 3l =

cos2 a + cos a
2

(3-2)

Recall that a completely fixed molecule will have g = 1 , and an isotropic emitter (freely rotating) will
have g = 0 . Now we include the effect of absorption dipole orientation as a correction. The excitation
rate is function of the dot product of the dipole orientation and excitation electric field according to
eq. 1-1:
2

P( µ , E ) µ µ × E = µ x ,t Ex ,t + µ y ,t E y ,t + µ z ,t Ez ,t

2

(3-3)

We assume that excitation electric field is circular in x-y plane and that the acquisition time (~ms) is
much longer than the temporal period of the electric field (~1 fs). Over a single camera frame, we
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have:

Ex2,t = Ey2,t , Ez2,t = Ex,t Ey ,t = Ex,t Ez ,t = Ey ,t Ez ,t = 0 ( × denotes the temporal

average of a function). Therefore, the excitation rate can be written as:

P(µ ) = P0 (µx2,t + µ y2,t ) = P0 (1 - µz2,t )

(3-4)

a 2p

where P0 = 1/ ò ò (1 - µ z2,t ) sin q't dq't df't . According to eq. 2-19, µ z ,t = cos qµ' z ,t - sin qµ' x ,t . All
0 0

corrected second moments in the rotated frame of reference (see eq. 2-20) can be calculated as:
a 2p

µ'i ,t µ' j ,t = ò ò µ'i ,t µ' j ,t P( µ ) sin q't dq't df't

(3-5)

0 0

where i, j = x, y, z . We calculate the eigenvalues of the apparent second moment matrix M apparent as

l1,2,3 and define the apparent rotational mobility as g apparent = 1 - 3(l1 + l2 ) / 2 . This apparent
rotational mobility g apparent , as observed by our imaging system, appears to be non-zero due to the
pump anisotropy even though there is actually no anisotropy in the emitter itself. We plot the
difference between the apparent rotational mobility and true rotational mobility g apparent - g vs. g and
polar angle q in Fig. 3-1.
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Fig. 3-1 The difference between apparent rotational mobility and true rotational mobility 𝜸𝒂𝒑𝒑𝒂𝒓𝒆𝒏𝒕 − 𝜸. The
apparent rotational mobility is biased when the excitation light is anisotropic and the emitter rotates slowly
relative to the excited state lifetime.

As shown in Fig. 3-1, the apparent rotational mobility is biased due to the anisotropy in the excitation
electric field. Fluorescent beads, which are considered isotropic emitters, should have dipole moments

M = [1/ 3,1/ 3,1/ 3,0,0,0]T . When we consider pump anisotropy, the apparent emission dipole
moments become M = [0.4,0.4,0.2,0,0,0]T , as observed by an imaging system. Since the
performance of a maximum likelihood estimator highly depends on the accuracy of the forward model
[27], this model mismatch would bias the estimator significantly. Therefore, we use instead the direct
-1
inversion of basis matrix M = Bspot
I spot / I 0 to estimate the orientation parameters of fluorescent

beads since it is easy to implement. Although this method is not robust to noise compared to
maximum likelihood, the high SBR of fluorescent beads provides acceptable performance in terms of
precision and accuracy.
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3.1.2

Measuring the Dipole Moments of Fluorescent Beads
Using Basis Inversion

Fig. 3-2 shows one field of view (FOV) from experimental imaging of fluorescent beads immobilized
on a glass coverslip. The right half of the image is from the x-polarization channel, and the left half is
from the y channel. The positions of fluorescent beads are flipped horizontally from each other
between the two channels, while the tri-spot PSF is rotated by 90 degrees between the two channels.
The orientation estimate and recovered image of the bead in the yellow boxes in Fig. 3-2 are shown
in Fig. 3-3.
We measured 159 beads from 20 FOVs, and the distribution of all measured second moments

µx2,t ,..., µ y ,t µz ,t is shown in Fig. 3-4a-b. The dipole moments averaged over all beads are given
by M = [0.40,0.39,0.21, -0.05,0.02,0.01]T , which is very close to the expected values from the
model presented in Section 3.1.1. The distribution is also consistent with the simulation data as shown
in Fig. 3-4c-d. The width of the experimental distributions is different from those of the simulation
because each bead has different signal to background ratio. This result suggests that the tri-spot PSF
is capable of measuring the average dipole moments of fluorescent beads accurately despite the
presence of anisotropy due to the polarization of the excitation laser.
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Fig. 3-2 Raw image of 505/515, 100-nm diameter fluorescent beads. (a) y-polarization channel; (b) x-polarization
channel. The location of bead images are flipped horizontally between x- and y- channel, while the PSF is rotated
by 90 degrees between the two channels.

Fig. 3-3 Orientation estimation of a fluorescent bead. (a) Raw camera image of bead within the yellow box in
Fig. 3-2. The estimated dipole moments given by the basis inversion method are 𝑴 = [𝟎. 𝟒𝟎 ± 𝟎. 𝟎𝟏, 𝟎. 𝟒𝟏 ±
𝟎. 𝟎𝟏, 𝟎. 𝟏𝟗 ± 𝟎. 𝟎𝟏, −𝟎. 𝟎𝟏 ± 𝟎. 𝟎𝟏, 𝟎. 𝟎𝟐 ± 𝟎. 𝟎𝟎, 𝟎. 𝟎𝟏 ± 𝟎. 𝟎𝟎]𝑻 taken over 10 measurements. (b) Recovered
image based on the estimated dipole moments. The recovered images and raw camera images are in good
agreement.
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Fig. 3-4 (a) Distribution of dipole moments 𝝁𝟐𝒊 of fluorescent beads estimated by the basis inversion method;
(b) Distribution of dipole moments 𝝁𝒊 𝝁𝒋 of fluorescent beads estimated by the basis inversion method; (c)(d)
Distribution of dipole moments of simulated isotropic emitters pumped by a circular-polarized laser in the x-y
plane. The basis inversion method was used to analyze simulated images with 20,000 signal photons and 20
background photon/pixel.
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3.2

Measuring the Orientation of Single
Fluorescent Molecules

To evaluate the performance of the tri-spot PSF on rotationally fixed single-molecule emitters, we
designed an experiment using CF640R Amine (Biotium 92043) fluorescent molecules. We embedded
the fluorophore in 1% PMMA (poly methyl methacrylate, Aldrich Chemistry 182265) with refractive
index 1.49 [26] and spun-coat this thin film onto a glass coverslip. The sample was excited by a 637nm
wavelength laser (peak excitation intensity of 3.41 kW/cm2). The numerical aperture of the objective
lens is 1.4, the effective pixel size of the camera in object space is 58.5 nm, and the exposure time is
150 ms for tri-spot PSF and 50ms for standard PSF in this experiment. The raw data from one field
of view is shown in Fig. 3-5.
Since fixed single-molecule emitters are consistent with the symmetric cone model we introduced in
Section 2.2.1, we use a maximum likelihood estimator (see Sec. 2.2.2) to estimate their mean
orientation and rotational mobility. The raw data and recovered image of two emitters are shown in
Fig. 3-7. We measured 21 emitters from 16 fields of view. The distribution of estimated rotational
mobilities is shown in Fig. 3-6. The median of the distribution is g = 1 , which implies that the
molecules are fixed in orientation as we expect. The measured distribution is similar to the simulated
mobility distribution of a fixed dipole emitter shown in Fig. 2-14, which is evidence that this method
accurately measures the mobility of fixed dipole emitters.
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Fig. 3-5 Raw image of one CF640R Amine fluorescent molecule. As in Fig. 3-2, the left channel captures ypolarized light, while the right channel captures x-polarized light. In this image, we captured 11789 photons
from the single molecule with an average background of 9.37 photons/pixel.

Fig. 3-6 (a) Distribution of 𝜸𝒆𝒔𝒕 for 21 single-molecule emitters; (b) Distribution of 𝜸𝒆𝒔𝒕 for 30900 simulation
images with 20000 photons-20 photons/pixel SBR (same data as Fig. 2-14)
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Unlike the rotational mobility, we do not know the orientation a priori of each molecule embedded in
the polymer film. Therefore, we need a method to verify that the orientation estimates using the trispot PSF are correct. One possibility is to measure the apparent translation of the PSF of a single
molecule in x and y as a function of z, termed localization bias. The apparent position of out-of-focus
single-molecule emitters will be biased due to their anisotropic emission of fluorescence photons [7]–
[9].

Fig. 3-7 Orientation measurements of two single-molecule emitters. The maximum likelihood estimator used
one image of each molecule to estimate its orientation. (a) 𝝁𝒙 = −𝟎. 𝟑𝟓, 𝝁𝒚 = −𝟎. 𝟗𝟐, 𝜸 = 𝟏. 𝟎𝟎; (b) 𝝁𝒙 = 𝟎. 𝟓𝟗,
𝝁𝒚 = 𝟎. 𝟖𝟏, 𝜸 = 𝟎. 𝟖𝟔.

Here, we translate fluorescent molecules along z from -200nm to +200nm in 100-nm steps using a
piezoelectric translation stage (Physik Instrumente P-545.3C7) and image them using the standard
PSF. As the molecules move, we measure their positions in x and y using ThunderSTORM [28]. We
denote the x-y bias relative to their x-y position in focus for the x- and y-channel as rx ( z ) and ry ( z )
for each z slice. To remove the drift of the stage, which is assumed to be same for both channels, we
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calculate the difference in localization bias between x- and y-polarization channels Dr ( z )

= rx ( z ) - ry ( z ) = [ Drx , Dry ] and plot its x and y projection as the red line in Fig. 3-9b-c. The error bar
represents the summation of x- and y- channel localization uncertainty (D x + D y ) given by
ThunderSTORM as [29]:

D =
2

s 2 + a 2 /12

(1 + 4t +

N
2p b(s 2 + a 2 /12)
t=
Na 2

2t
)
1 + 4t

(3-6)

where a is the camera pixel size in nm, s is the PSF width in nm, N is the total signal photons and
b is the background photons per pixel.

We also recovered z-scan images based on the measured orientation of each emitter and localized the
molecule within each image using ThunderSTORM. This recovered localization bias is compared with
the observed localization bias in Fig. 3-8a. The mismatch between the experimental image and
recovered image was mainly due to the aberration of the imaging system, which can be reduced after
a more precise calibration of the imaging system. The recovered curve is consistent with the
experimental curve; however, the error bars are large enough to suggest that further measurements
are needed to guarantee agreement. Therefore, we have shown that orientation measurements using
the tri-spot PSF can accurately predict the localization bias caused by fixed single molecules in superresolution microscopy [7]–[9].
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Fig. 3-8 (a, top row) Experimental x-polarized images of the emitter in Fig. 3-8a taken as a function of z (drift
perturbed). (a, bottom row) recovered z-scan images based upon the orientations measured by the tri-spot PSF
in Fig. 3-7. Figures in (a) are rotated by 90° so the bias is easier to see with the naked eye; (b) Localization bias
difference along the x-axis between x- and y-channel for the emitter in Fig. 3-8a; (c) Localization bias difference
along x-axis between x- and y-channel for the emitter in Fig. 3-8b.
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3.3

Summary

In this chapter, we used the tri-spot PSF to measure experimentally the orientation of fluorescent
abiological samples. We measured more than 100 fluorescent beads and used a basis inversion method
the estimate the dipole moments. The accuracy of this method was verified by comparing the
distribution of measured orientations to the theoretical distributions, specifically accounting for pump
anisotropy. We also measured the orientation of CF640R Amine single molecules and verified the
accuracy of their measured rotational mobilities. The orientation estimates are consistent with the
measured localization bias of the standard PSF when the molecules are defocused. By proving the
accuracy of this method in experiments, we can move on to measuring the rotational mobility and
mean orientation of single-molecule emitters in more complex conditions in the future.
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Chapter 4
Outlook
In this thesis, we developed a tri-spot point spread function that can measure molecular orientation
and rotational mobility of single fluorescent molecules and demonstrated the method in both
simulations and experiments. The studies show that this method is capable of measuring molecular
orientation and rotational mobility accurately and precisely. Still, there are aspects of this method that
can be improved in future work.
Regarding the estimator design, the maximum likelihood estimator was built assuming that the pump
anisotropy is negligible. For slowly-rotating molecules, the basis inversion, which is demonstrated on
bead samples, is the only unbiased choice for now. However, it is not robust to noise, and the problem
will become severe as we measure single-molecule emitters since the signal-to-background ratio is
much lower. An estimator for slowly rotating molecules that includes the effects of pump anisotropy
can be built in the future to increase robustness to noise.
Regarding the experiments, improving signal-to-background ratio is always a challenge, especially
when we split the light emitted from a molecule into 6 spots. The plan to improve future experiments
includes optimizing the mask experimentally to minimize 0th order leakage and imaging different
fluorescent molecules to achieve higher SBR.
This thesis did not discuss localization performance. The 3D location of point-like emitters is a very
important parameter in super-resolution microscopy [30]. Thus, a PSF that can measure molecular
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orientation, rotational mobility, and 3D location simultaneously with high precision and accuracy
under low SBR would be influential to the field.
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